We study the Hubbard model on a square lattice, using the dynamical vertex approximation and the parquet approximation. These methods allow us to describe the mutual interference of spinfluctuations in the particle-hole channel and superconducting fluctuations in the cooperon channel in an unbiased way. For small dopings we find predominant commensurable antiferromagnetic spinand d-wave superconducting fluctuations; for larger doping incommensurate antiferromagnetic spin fluctuations are concomitant to triplet s-wave superconducting fluctuations.
I. INTRODUCTION
Unconventional superconductivity is not conventional in many respects. First of all, the critical temperatures are often high, which means several ten up to one hundred Kelvin. Second, the materials such as cuprates, 1, 2 ruthenates, 3, 4 and iron pnictides 5, 6 are special: they belong to the class of strongly correlated electron systems where a strong Coulomb interaction prevents a simple one-particle description. Correlations between the electrons need to be considered. Third, the symmetry of the order parameter is rather unusual. Instead of a simple swave symmetry as in conventional, phonon-based superconductors, d-7-10 , p-3,4,11 or s ± -wave symmetries [12] [13] [14] [15] [16] [17] have been suggested and observed. The latter can be realized from the fact that the phonon-mediated interaction is attractive, whereas there is a strong local repulsion for correlated electron systems. Hence even if spin waves 18 or other microscopic mechanisms generate some attraction between the electrons, it cannot be local nor instantaneous. The consequence are unconventional symmetries of the order parameter, instead of a plain vanilla s-wave.
The theoretical description of high-temperature superconductivity has been-and still is-a challenge. It is pretty much established by now that one of the fundamental models for high-temperature superconductivity, the Hubbard model, indeed shows antiferromagnetism, pseudogaps, and d-wave superconductivity. This has been demonstrated by a number of complementary methods such as quantum Monte-Carlo simulations, [19] [20] [21] [22] [23] the functional-renormalization group, [24] [25] [26] [27] [28] [29] [30] , the fluctuationexchange approximation, [31] [32] [33] , the variational cluster approximation 34 the two-particle self-consistent theory,
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cluster [36] [37] [38] [39] [40] [41] [42] and diagrammatic extensions [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] of dynamical mean field theory (DMFT). In the far overdoped region, d-wave superconductivity is not stable any longer. Since an interacting fermion system is however prone to all kinds of instabilities at low temperatures, one expects another kind of magnetic or superconducting instability at larger doping. One out of several possible candidates is s-wave superconductivity, which has been studied to a limited extent in Refs. 20, 54, and 55. In the present paper, we study the two-dimensional Hubbard model on a square lattice, employing the parquet approximation (PA) [56] [57] [58] and the dynamical vertex approximation (DΓA) 53, 59 in its parquet variant. 60, 61 In contrast to previous extensions of DMFT, [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] this allows us to include the mutual feedback of the particlehole and particle-particle channel, and hence represents a more rigorous treatment of the interplay between antiferromagnetic and superconducting fluctuations. All instabilities (magnetic, superconducting, charge density wave etc.) are treated on an equal footing. In the presence of several competing instabilities and their mutual feedback, a method that is not biased in favor (or against) a certain channel such as the PA and parquet DΓA is required. The downside is a huge numerical effort that restricts available temperatures T and interaction strengths U . In the accessible T -range, we are able to identify the leading superconducting and magnetic fluctuations which most likely lead to a corresponding order at lower T 's.
For small doping levels (filling around n = 0.85), we find commensurate antiferromagnetism with wavevector q = (π, π) and d-wave superconducting fluctuations. We confirm that the antiferromagnetic fluctuations and through them the superconducting fluctuations are strongly suppressed if one takes the full dynamics of the vertex into account. In the parquet approaches (both DΓA and PA) this suppression is even stronger than in ladder DΓA. 52 For larger doping (filling around n = 0.75), the dominant magnetic wave vector becomes incommensurate with q 1/2 = (π ± δ, π), δ = 0, cf. Refs.62-67, accompanied by triplet s-wave superconducting fluctuations.
The paper is organized as follows: We start with a brief introduction of the model in Section II and of the method in Section III. The latter includes a recapitulation of the parquet equations (Section III A) taking the bare interaction (Section III B; PA) or the local fully irreducible vertex as input (Section III C, parquet DΓA). Section III D further outlines how to use the eigenvalues arXiv:1901.09743v2 [cond-mat.str-el] 29 Jan 2019 of the Bethe-Salpeter equation as indicators for symmetry breaking; and Section III E introduces improvements of the victory code that utilize the point group symmetry for reducing the number of k-points to be considered and a coarse graining that employs a finer k-grid for the Green's function bubbles.
Section IV presents the results obtained, starting with the analysis of the eigenvalues of the Bethe-Salpeter equation in Section IV A. Commensurate antiferromagnetic and d-wave superconducting fluctuations dominate for smaller doping whereas incommensurate antiferromagnetism and triplet s-wave superconductivity have the largest eigenvalues for large dopings. The temperature dependence of the eigenvalues in Section IV B shows that d-wave superconductivity is likely for lower temperatures, even though a definite conclusion is hampered by the limited temperature interval available; for the triplet swave superconducting a reliable prediction is not possible given the temperature range accessible. In Section IV C we present the dynamics of the vertex for the two different dopings. The symmetries of the d-wave (Section IV D) and triplet s-wave eigenvectors (Section IV E) are analyzed in k and real space. We sum up our results in Section V and provide further information on the convergence with respect to the number of frequencies in Appendix A.
II. MODEL
As a simple, minimal model for the physics of cuprates we consider the Hubbard model on a square lattice, mimicking the d x 2 −y 2 Cu orbitals of the CuO 2 layers but neglecting an explicit treatment of the oxygen p orbitals:
Here, c † iσ (c iσ ) creates (annihilates) an electron on site i with spin σ; ij denotes the summation over nearest neighbors only, U is the local Coulomb repulsion and t the hopping amplitude. In the following, all energies are measured in units of t ≡ 1.
The Hubbard model has been studied intensively in the context of high-temperature superconductivity. Initially the infamous sign problem prevented a clear numerical answer from quantum Monte-Carlo simulations on whether this model describes d-wave superconductivity or not. But by now there is compelling evidence that the Hubbard model indeed describes d-wave superconductivity akin to the cuprates. This understanding is supported by different many-body calculations, such as the functional renormalization group (fRG) approach 30 , the fluctuation exchange approximation 31 as well as the application of quantum Monte-Carlo simulations 68 , cluster extensions of DMFT 36, 38, 39, 42 and diagrammatic extensions of DMFT 46, 52 . Note that the latter adopted simplified ladder approach instead of the more complete parquet equations employed here, which is crucial for faithfully treating the competition between different fluctuations.
III. METHOD A. Parquet equations
Let us start by recapitulating the so-called parquet equations, following Ref. 69 The parquet formalism [56] [57] [58] 70, 71 consists of a set of exact equations that connect the single-particle Green's function and self-energy with two-particle vertex functions: i.e. the Dyson equation, the Schwinger-Dyson equation, the Bethe-Salpeter equations in all channels, and the actual parquet equation. The essential concept is to classify Feynman diagrams in terms of their reducibility. A diagram is called one-(two-)particle irreducible if it falls into two pieces when cutting one(two) Green's function lines. On the one-particle level the Green's function G contains all diagrams (reducible or not), whereas the selfenergy Σ contains all one-particle irreducible diagrams with one incoming and one outgoing particle (leg) in terms of the bare, non-interacting Green's function G 0 .
To be self-contained and at the same time to keep the discussion simple, let us first introduce the necessary functions which contain all topologically invariant one-and two-particle Feynman diagrams. We start with the one-particle functions: The self-energy Σ contains all irreducible 72 diagrams with one incoming and one outgoing particle (leg). From Σ all (reducible and irreducible) Green's function G diagrams are obtained through the Dyson equation
with the chemical potential µ, the fermionic Matsubara frequency ν, and a combined notation of momentum k and frequency ν in form of a four-vector, i.e. k = (k, ν). When the self-energy is zero, one obtains the non-interacting Green's function
determined entirely by the dispersion relation k . If we express the self-energy in terms of Feynman diagrams with the interacting Green's function G instead of G 0 it becomes a bit more complicated, since now only twoparticle irreducible skeleton diagrams must be considered (all the other diagrams are generated through self-energy inclusions, i.e., through Eq. (2)).
But we do not need to explicitly consider all of these diagrams. In the parquet formalism, the self energy is obtained from the full two-particle vertex F through the Schwinger-Dyson equation also known as (Heisenberg) equation of motion (cf. Fig. 1 )
where n is the number of electrons per site, and we have implicitly assumed a proper normalization of the momentum and frequency sums k = 1, i.e., a prefactor T /(number of k points) is included in the definition of the sum.
As for the two-particle quantities the parquet equation classifies the full vertex functions F further: namely into the fully two-particle irreducible class of diagrams Λ and classes of diagrams Φ r which are reducible regarding a specific channel r ∈ {ph,ph, pp}, i.e., particlehole, transversal particle-hole and particle-particle channel. For SU(2)-symmetry it is convenient to further use some combinations of the spin indices known as the density (d), magnetic (m), singlet (s) and triplet (t) channel (in addition to the r channels regarding the irreducibility). This leads to the following parquet equations in four independent channels, see 53, 61, 69, 73 :
Here, F k,k ,q d/m/s/t are the complete vertices in the corresponding channels (combining spin indices and r channels). Note that we use d/m (density/magnetic) subscripts in place of c/s (charge/spin) employed in Ref. 53 to avoid confusion with the particle-particle singlet channel.
The vertex functions Φ k,k ,q d/m and Φ k,k ,q s/t in Eqs. (4) denote the reducible vertex in the particle-hole (d/m) and particle-particle (s/t) channel, respectively. They can be calculated via the Bethe-Salpeter equation in the respective channel, i.e., a ladder with the irreducible vertex function Γ
d/m/s/t in the respective channel and two connecting Green's functions as building blocks. The Bethe-Salpeter equations can be cast
Feynman diagrammatic representation of the Schwinger-Dyson Eq. (3), where the identity F k,k ,q ph↑↓ into the following form, cf. Fig. 2 :
In the Bethe Salpeter Eqs. (5), we need the one-particle Green's function as an input. For a self-consistent scheme, we hence need to recalculate the one-particle quantities from the two-particle vertices. This is achieved via the Dyson-Schwinger equation (3) .
At this stage, it is easy to see that given the fully irreducible vertex Λ d/m/s/t as input, the other two-particle vertices and the single-particle self-energy can be selfconsistently determined from the parquet equations (4), the Bethe-Salpeter (5), the Dyson equation (2) and the Dyson-Schwinger equation (3) . If Λ d/m/s/t is known there are as many equations as unknowns; also note that Λ s/t can be determined from Λ d/m for SU (2) symmetry. We solve this set of equations self-consistently using the victory code 69 until convergence is reached. For details of the numerical implementation including how we deal with the high-frequency asymptotics see Ref. 69 .
B. Parquet approximation (PA)
In the PA 74 the parquet equations are solved with the lowest order approximation for the fully irreducible ver-
Although the fully irreducible vertex is frequency and momentum independent, all other vertices are dependent on three Matsubara frequencies and three momenta.
C. Dynamical vertex approximation
In the parquet flavor of dynamical vertex approximation (parquet DΓA), the fully irreducible vertex Λ is extracted from the impurity problem of a converged dynamical mean-field theory (DMFT) calculation, as described in Ref. 75 . That is, the dynamical structure of the fully irreducible vertex is retained (for details see Refs. 53 and 76) but its momentum dependence is neglected, i.e., Λ
In this work the DMFT impurity problem was solved with the continuous time quantum Monte-Carlo method (CT-QMC) in the hybridization expansion (CT-HYB) scheme as implemented in the software package w2dynamics 77 . The fully irreducible vertex was extracted from the two-particle Green functions using the inverse parquet equations, following the procedure described in Ref. 78 (see also Sec. III E and Ref. 53 ).
D. Eigenvalues as indicators of possible instabilities
A second order phase transition with the emergence of a finite order parameter can be identified from the divergence of the susceptibility corresponding to the order parameter. The physical susceptibility χ r (q) in a given channel r = {d, m, pp} is obtained by summation over fermionic frequencies and momenta of a generalized susceptibility χ r (q) = k,k χ k,k ,q r . The generalized susceptibilities obey Bethe-Salpeter equations analogous to Eq. (5):
]. The instabilities of the above equations can be investigated by solving the following eigenvalue problems instead:
Once the eigenvalue λ r in a given channel r approaches 1, the corresponding susceptibility diverges. The above equation is diagonal in bosonic frequency ω and momentum q. The largest eigenvalue typically occurs for ω = 0 and a given transfer momentum q, depending on the specific order considered (e.g. r = m, q = (π, π) for Néel antiferromagnetic order). Although we do not investigate the system in the ordered phase, we can identify the symmetry of the plausible order parameter by looking at the momentum dependence of the eigenvector v q (k) belonging to the largest (closest to 1) eigenvalue. The eigenvalue equation in the particle-particle channel for q = 0 [i.e. q = (0, 0) and ω = 0] is thus analogous to the Eliashberg gap equation
if we identify
. In our parquet and DΓA calculations, however, we retain the full momentum and frequency dependence of the vertex Γ pp,↑↓ , in contrast to the conventional Eliashberg equation.
E. Numerical tools
The PA and DΓA results were obtained using the victory code 69 . In addition to the published version 1.0 of the victory code 69 , the following operations were implemented for the present work and will be made available as victory version 1.1:
• Point group symmetry of the square lattice. The main advantage of this step relies in the reduction of virtual memory needed to store the vertices. For a large momentum grid, the memory reduction reaches a factor of 8, but for small clusters used in this work the reduction factor was close to 3 and 4 for the 6 × 6 and 8 × 8 cluster, respectively. Let us note that these cluster sizes are larger than what is doable in quantum Monte Carlo simulations (QMC) or in dynamical cluster approximation (DCA) which (away from half-filling) are restricted to N c = 16 sites (e.g. 4 × 4 sites) because of the sign problem.
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• Coarse graining. Since storing the two-particle vertices reaches the limits of random access memory, the number of k-points is rather restricted. For the Green's function on the other hand, a much finer k-grid is possible. Hence, in the Bethe-Salpeter equations (5) and the Schwinger-Dyson equation (3) for calculating the self-energy, we use the Green's functions
on a much finer k-grid than the coarse k-grid for which we know the self-energy or vertex. The number of k-points was typically 100 times larger than the number of cluster momenta k and the selfenergy was taken as constant over a 2-dimensional patch surrounding a given k point. This has the advantage that finer bandstructure k effects can be resolved. The coarse graining approach also significantly improves convergence of the parquet equations.
IV. RESULTS

A. Dominant eigenvalues as a function of doping
Let us start by noting, that the calculations presented in this section are all in the paramagnetic phase. No direct evidence of a magnetic or superconducting phase transition through the divergence of the susceptibility has been found for the parameters investigated, because of the high temperature. However, the analysis of the eigenvalues in different channels and for different transfer momenta q gives us an indication of a strong interplay between the magnetic and particle-particle channels, and of the possible ordering at lower temperatures. Figure 3 shows the dominant eigenvalues for βt ≡ t/T = 20, U = 4t (top) and βt = 15, U = 5t (bottom) as a function of doping (1 − n). The calculations were done for the 6 × 6 momentum cluster and two different approximations: PA and parquet DΓA.
81 Since the convergence of the DΓA computations is significantly worse than PA computations, we show the DΓA results only for selected points in the parameter space.
Small dopings
Close to half-filling we find that the overall dominant eigenvalue is the q = (π, π) magnetic eigenvalue, which indicates very strong antiferromagnetic fluctuations. The dominant eigenvalue in the particle-particle channel λ pp is found at q = (0, 0). Looking at the fermionic momentum dependence of the eigenvectors belonging to λ pp , we can identify the symmetry of the related superconducting order parameter (see Sec. III D). For the dopings up to ∼ 0.2 the dominant symmetry is singlet, d x 2 −y 2 -wave (blue circles in 
. Dominant eigenvalues in the magnetic (λm, triangles) and particle-particle (λpp, circles) channels as a function of doping for two different values of the interaction: U = 4t (top) and U = 5t (bottom). Different triangle colors (red and black) denote different transfer momenta q. Different circle colors (blue and orange) denote different symmetries of the corresponding eigenvectors (d x 2 −y 2 -wave and triplet s-wave, respectively) at transfer momentum q = (0, 0). The empty symbols are obtained within the PA, the full symbols are from DΓA. The momentum cluster size is 6×6 and the temperature is βt = 20 for U = 4t and βt = 15 for U = 5t.
of the antiferromagnetic eigenvalue with doping. Here we observe a slightly different behaviour for the higher value of the interaction, U = 5t, where there is a slight dome (broad maximum) in the pp-eigenvalue doping dependence around n = 0.85. This dome is not present in the q = (π, π) magnetic eigenvalue curve (black triangles), but it is present (slightly shifted) in the q = (π, 2 3 π) magnetic eigenvalue curve (red triangles). As we will see again below, the triplet s-wave channel is connected to the q = (π, 
Temperature dependence of the dominant eigenvalues in the magnetic (λm, triangles) and particle-particle (λpp, circles) channels for n = 0.85 and different values of the interaction: U = 4t (top) and U = 5t (middle and bottom), and different cluster sizes: 6 × 6 (top and middle) vs. 8 × 8 (bottom). Color coding is identical to Fig. 3 ; empty symbols are obtained within the PA, full within the DΓA.
the suppression of the Green function toward half-filling because of the formation of a pseudogap without a corresponding dome-like structure in the antiferromagnetic susceptibility, see 52 and references therein. For U = 5t it was not possible to converge the DΓA computations for dopings smaller than n = 0.74. In contrast to the case of U = 4t, where the inclusion of dynamical fully irreducible vertex Λ had relatively little effect on both the eigenvalues and convergence properties (it took much longer to converge the DΓA calculations, but it was possible for all dopings up to βt = 20), for U = 5t we could not obtain convergence even for much higher temperatures. It is likely that for higher values of the interaction, the diagrams included in the fully irreducible vertex Λ become more important and the impurity problem used for generating the dynamical Λ needs to be self-consistently updated. This is not done in the present computational scheme.
Larger dopings
For larger dopings the magnetic q = (π, π) eigenvalue becomes smaller and another eigenvalue dominates: λ m at q = (π, π − δ) (red triangles in Fig. 3 ). That is, the magnetic susceptibility has a peak at q = (π, π−δ). Since we can only resolve relatively few q points, the value of δ depends on the cluster size used (for the 6 × 6 cluster, q = (π, 2 3 π)). In an infinite system we can expect incommensurate magnetic fluctuations, as seen in Refs. 62-67. For both values of the interaction shown, once the magnetic q = (π, π) eigenvalue starts to steeply decrease with doping, the d x 2 −y 2 -wave eigenvalue follows suit. The incommensurate magnetic fluctuations remain however strong in a larger range of doping, indicated by a large q = (π, 2 3 π) eigenvalue, which starts decreasing only at around n = 0.65. The d x 2 −y 2 -wave symmetry of the ppeigenvector is evidently strongly related to antiferromagnetism and incommensurate magnetic fluctuations do not prevent the d x 2 −y 2 -wave eigenvalue from decreasing with doping. At large dopings, another symmetry of the pp eigenvector wins, i.e. triplet s-wave (orange circles in Fig. 3 ). The eigenvalues are however small at this temperature and it is not possible to predict on that basis that triplet s-wave superconductivity could occur at low temperature in this doping regime. stronger for the larger interaction, U = 5t shown in lower panel of Fig. 3 . Here we were able to obtain convergent results only for larger dopings, but again the stronger suppression of antiferromagnetic fluctuations in DΓA leads to proportionally stronger suppression of the d x 2 −y 2 -wave eigenvalue. Since the triplet s-wave eigenvalue is not influenced and remains almost the same in PA and DΓA, there is a qualitative difference between the two approximations: for a small range of dopings the dominant pp eigenvalue is of singlet d x 2 −y 2 -wave symmetry in PA whereas it is of triplet s-wave symmetry in DΓA. It would be interesting to see how this difference develops while the temperature is lowered and whether the triplet s-wave pairing could be the dominant order at low temperature. The currently feasible frequency box sizes and momentum clusters do not allow for calculations at lower temperatures in the present implementation of the victory code.
B. Temperature dependence of the eigenvalues
In order to identify possible phase transitions we look at the temperature dependence of the eigenvalues. We are computationally limited to still relatively high temperatures T 0.06t (βt 15) for U = 5t and T 0.05t (βt 20) for U = 4t. Lower temperatures require a larger frequency box and/or larger momentum clusters, for a proper convergence of the parquet equations and stable results with respect to the size of the frequency box. We have observed that increasing the momentum cluster significantly improves convergence of the parquet equations, and a smaller frequency box can be used. The 8 × 8 cluster calculations presented in this paper were obtained with up to 64 frequencies. For the 6 × 6 cluster, however, we were able to go to as many as 160 (positive and negative) frequencies. Numerical convergence with respect to frequency box size is presented in Appendix A.
In Fig. 4 we present the temperature dependence of the four eigenvalues of interest for the 6 × 6 cluster (top panel: U = 4t, middle panel: U = 5t) and 8 × 8 cluster (bottom panel, U = 5t), at the filling of n = 0.85 (close to optimal for the d x 2 −y 2 -wave order). The qualitative behavior with temperature is similar in all three cases.
For the smaller interaction, U = 4t, the eigenvalues are overall smaller than for U = 5t. Although the magnetic eigenvalues (triangles in Fig. 4) are dominant in the entire temperature regime and grow with lowering T , we see that their temperature dependence flattens and for U = 4t there is even a small decrease upon lowering T visible. On the contrary, the d x 2 −y 2 -wave eigenvalue (blue circles in Fig. 4) increases with lowering the temperature, more steeply for stronger interaction. It is clearly visible, that although for high temperatures the s-wave eigenvalue (orange circles in Fig. 4) is the bigger one, upon lowering T , the d x 2 −y 2 -wave symmetry wins. It is not possible to predict the transition temperature though from the data available. Actually, one might conjecture that the parquet equations respect the Mermin-Wagner theorem 82 with no phase transition at finite T . A clear proof of this conjecture would however require an analysis at lower temperatures than presently possible.
The comparison of the temperature dependence of the eigenvalues for the same parameters (U = 5t, n = 0.85) and two different momentum cluster sizes is shown in the middle panel (6 × 6) and bottom panel (8 × 8) of Fig. 4) . The results qualitatively agree (note, that the red triangles are for different qs in the two plots). Since calculations for a smaller cluster size do not converge and for a larger cluster size are not feasible, the assessment of the cluster size effect is very limited and therefore we cannot directly predict the infinite cluster limit.
For the two highest temperatures shown in Fig. 4 in the pp channel also other eigenvalues, corresponding to singlet s-wave, p-wave and d xy -wave symmetries, are of similar magnitude. They however remain small (or become even smaller) upon lowering the temperature and we do not show them in Fig. 4 .
C. Dynamical vertices
The parquet equations (4) mix the different channels and generate a complex frequency dependence, even in the PA with a static Λ r = ±U as a starting point. We focus here, as in the eigenvalue analysis, on the interplay between the magnetic and particle-particle channel. We present the frequency dependence of the irreducible In Fig. 5 we show, for the PA at filling n = 0.85, the fermionic frequency dependence of the real part of the irreducible vertex in (a) the magnetic channel, Re Γ ν,ν ,ω=0 m for k = k = (0, 0) and q = (π, π), (b-c) the particleparticle channel, Re Γ ν,ν ,ω=0 pp,↑↓ for q = (0, 0) and two different combinations of fermionic momenta: (b) k − k = (π, π) and (c) k − k = (π, 2 3 π). The momenta have been set so that the vertices are maximal: Γ m is maximal at transfer momentum q = (π, π) since at n = 0.85 commensurate antiferromagnetic fluctuations dominate, cf. Fig. 3) ; whereas Γ pp is maximal at transfer momentum q = (0, 0). We can see not only a strong frequency dependence with a characteristic diagonal structure 76 in all vertices shown, but also a strong fermionic momentum dependence of the pp vertex. Through the parquetequations (4) a peak in Γ m at momentum q = (π, π) (Fig. 5 a) is transferred to a peak in Γ pp at q = (0, 0) and k − k = (π, π) (Fig. 5 b) . Such momentum dependence of Γ pp in the normal state, above T c supports the emergence of a superconducting order parameter of the d x 2 −y 2 -wave symmetry when the temperature is lowered below T c . For k − k = (π, (Fig. 5 c) the Γ pp vertex is significantly smaller and the frequency dependent features are less pronounced, at least for this doping close to half filling. We also observe a strong suppression of the pp vertex for small fermionic frequencies, in agreement with Ref. 52.
Filling n = 0.72
Fig . 6(a-c) shows, analogously to Fig. 5 , the fermionic frequency dependence of the real part of the irreducible vertices in the magnetic and pp channels from the PA, but now for the filling of n = 0.72, comparing PA, DΓA and the local DMFT vertices. As already indicated by the eigenvalues, for this filling the magnetic vertex is slightly smaller at q = (π, π) than for n = 0.85 and as a result, Γ pp at q = (0, 0) and k − k = (π, π) is significantly smaller. Note that tiny differences in the eigenvalues that are close to one reflect large differences in the respective vertices themselves. In case of n = 0.72, it is the k−k = (π, 2 3 π) value of Γ pp which is larger (Fig. 6c) .
In Fig. 6(d-f) the respective DΓA results for the dynamical structure of the vertices are shown. The overall structure is identical to the PA. The magnitude of Γ m at q = (π, π) and Γ pp at q = (0, 0) and k − k = (π, π) is however smaller; particularly in the case of Γ pp . This is also reflected in the comparison between PA and DΓA eigenvalues shown in Fig. 3 . The pp vertex Γ pp at q = (0, 0) and k − k = (π, (Fig. 6 g) . As already mentioned in Sec. III D the analysis of the symmetries of the eigenvectors corresponding to the largest eigenvalues allows us o predict the symmetry of the order parameter once the eigenvalue as a function of temperature crosses 1 and the respective susceptibility diverges. In the following, we hence study the symmetry of the eigenvector corresponding to the largest eigenvalue in Eq. (8b), which presumably diverges at lower temperatures. We start the analysis by presenting the DΓA results for the filling of n = 0.85, were the symmetry of the dominant eigenvector is-as we will see-d x 2 −y 2 -wave, as expected for this doping 23, 83 . The results obtained in the PA are qualitatively the same.
In Fig. 7 the momentum dependence of the dominant eigenvector v d x 2 −y 2 for the first Matsubara frequency is shown (left-middle column) for the two cluster sizes 6 × 6 and 8 × 8 at n = 0.85, U = 4t. For both cluster sizes the pattern is the same: we observe a sign change of the eigenvector (the predicted order parameter) as we move along the Fermi surface (v d x 2 −y 2 projected on the Fermi surface is shown in the right-middle column) with nodes at k x = ±k y visible for the 8×8 cluster. For the 6×6 cluster we see only the sign change, as there are no k x = ±k y points that would lie on the Fermi surface for this grid. The sign change of v(k) together with the fact that it is from the singlet pp channel shows that this eigenvalue is of d x 2 −y 2 -symmetry (the dominant contribution to v(k) is proportional to cos(k x ) − cos(k y )). Hence, we have already labeled it correspondingly in Fig. 7 .
In the right column of Fig. 7 , the Fourier transform of v(k) from the left-middle column into real space is shown, i.e. v(r), where r measures the distance to surrounding sites in units of the lattice constant. We observe that the eigenvector v is strongly peaked at the positions of nearest neighbors and changes sign depending on direction, which is in accordance with expectations for the d x 2 −y 2 -symmetry.
Relation to magnetic susceptibility
In the left column of Fig. 7 , the q-dependence of the corresponding magnetic susceptibility χ m (q, ω = 0) is shown. It is peaked at q = (π, π). This magnetic ordering vector connects those points on the Fermi surface, where the pp eigenvector in the middle column of Fig. 7 is largest and has opposite sign, i.e., k = (0, π) and k = (π, 0) and (cubic-)symmetrically related ones. It is the q = (π, π) that to a large extent determines the sign pattern in momentum of the superconducting order parameter. This is seen from the Eliashberg Eq. (9): For repulsive interaction (V (k − k ) > 0), there has to be a sign change of the order parameter ∆(k) between the points k and k connected by q = (π, π). Please recall that our effective interaction, or pairing glue, is given by the irreducible vertex in the particle-particle channel,
. This in turn, is essentially given by the magnetic susceptibility at q = k − k since it is the largest particle-particle irreducible contribution.
2. The particle-particle vertex in momentum and real space
In Fig. 8 we show the momentum (upper row) and real space (x, y) (lower row) dependence of the pp irreducible vertex Γ pp↑↓ for n = 0.85 obtained on a 6 × 6 grid and two different values of U in DΓA and PA. It is shown for the bosonic (transfer) momentum of q = (0, 0) and the lowest Matsubara frequencies, where the contribution is the biggest. The pp irreducible vertex can be interpreted as an effective interaction between electrons that enters the Eliashberg Eq. (9). In the momentum space the pp vertex is strongly peaked at k − k = (π, π), which is also the maximum q of the magnetic susceptibility. The Fourier transform into real space (lower row of Fig. 8 ) corresponds to an attraction between electrons on neighboring sites, typical for the d x 2 −y 2 -wave symmetry. The full pattern in the real space of the pp vertex is the same in PA and DΓA and in agreement with the one obtained in DCA. 84 . There is a strong attractive (negative) interaction between nearest neighbors as well as strong repulsive (positive) interaction on-site and between second-nearest neighbors (see Fig. 8 ).
For U = 4t the momentum and real-space dependence of Γ pp↑↓ is not only qualitatively but also quantitatively almost the same in DΓA and PA (cf. left and middle column of Fig. 8) . In DΓA the magnitude of the nearestneighbor attraction is slightly lower, which is also reflected in the d x 2 −y 2 -wave eigenvalue being smaller (cf. Fig. 3 ). This leads us again to a conclusion that for this value of U , there is overall agreement between the PA and DΓA, and including the fully irreducible vertex dynamics leads only to a slight suppression of pp fluctuations.
For U = 5t we present only the PA result (right column of Fig. 8 ) since as discussed earlier, no convergent DΓA results in this case are available at the moment. Although the temperature is slightly higher than in the U = 4t case (βt = 15 vs. βt = 20), the pp vertex is significantly larger and the effective attraction between nearest neighbors almost three times stronger. The overall structure in momentum and real space is however the same as in the case of U = 4t.
E. Eigenvectors: triplet s-wave pairing
For higher dopings, the dominant eigenvalue corresponds to a different eigenvector, with a triplet spin symmetry. As for the case of the d x 2 −y 2 -wave symmetry in Sec. IV D, we present in Fig. 9 the dominant eigenvector v s in momentum space (left-middle column) together with its projection on the Fermi surface (right-middle column), its Fourier transform into real space (right column) and the respective magnetic susceptibility (left column) from PA (upper row) and DΓA (middle row) at n = 0.72, βt = 15 and U = 5t for the 6 × 6 cluster. For DΓA we also present data for the same parameters but for the 8 × 8 cluster. At the specific filling of n = 0.72, in DΓA the triplet s-wave eigenvector corresponds to the biggest eigenvalue in the pp channel, whereas in PA this is the second biggest eigenvalue with the d x 2 −y 2 -wave being still the largest one (cf. Fig 3) . As we have discussed in Sec. IV D, the q-dependence of the susceptibility can help us build an intuitive picture. For both DΓA and PA the magnetic susceptibility is strongly peaked at the incommensurate wave vector q = (π, π − δ) (with δ dependent on the momentum grid used for the calculation). The value at q = (π, π) is however still quite large in the case of PA, whereas for DΓA it is much smaller (cf. left column of Fig. 9 ). The antiferromagnetic fluctuations in PA are thus still strong enough to make d x 2 −y 2 -wave symmetry in the pp channel the dominant one, whereas in DΓA , triplet s-wave superconductivity already prevails.
Let us focus now on the triplet s-wave eigenvector. Although the projection on the Fermi surface of the eigenvector (right-middle column of Fig. 9 ) is very similar in all the three cases shown, the momentum structure and therefore also the real space structure of the eigenvector is slightly different between PA and DΓA. Both are swave (there are no sign changes for the neighbors equally distant from center), but the eigenvector turns negative for the second-nearest neighbors in PA, whereas it stays positive for both cluster sizes in DΓA.
Relation to magnetic susceptibility
Looking at the peak in magnetic susceptibility χ m (q, ω = 0) at q = (π, π − δ) (shown in the left column of Fig. 9 ) and performing the same analysis as was done in Sec. IV D for the possible symmetry of the order parameter, we could conclude that the dominant eigenvector should look differently. In particular we could expect sign changes between the points on the Fermi surface connected by the now incommensurate wave vector q = (π, π − δ) of the (maximal) magnetic susceptibility. Since with an incommensurate q there are 4 maxima in the susceptibility χ m (q, ω = 0) in the first Brillouin zone, there would have to be many sign changes of the order parameter on the Fermi surface. Such eigenvector is possible, but we found that the corresponding eigenvalue is significantly smaller than the triplet s-wave one. Physi- cally many sign changes would mean many zeroes of the order parameter on the Fermi surface, which is energetically not favorable. The s-wave, with no sign changes, seems to be more favorable, although it does not take advantage from the strong peak in the magnetic susceptibility at q = (π, π − δ) and the simple interpretation through q-dependence of the susceptibility is not applicable.
The particle-particle irreducible vertex Γ pp↑↓ for U = 5t, βt = 15 and n = 0.72 together with its Fourier transform into real space are shown in Fig. 10 for PA and in Fig. 11 for DΓA for the 6×6 cluster. In the three columns of both figures we show the Γ pp↑↓ = 1 2 (Γ s − Γ t ) vertex (left column) and the singlet Γ s (middle column) and triplet Γ s (right column) contributions. The upper row shows the vertices in momentum space and the lower row their Fourier transform into real space, with the center denoting the on-site (local) contribution.
Let us first focus on the left column, i.e. Γ pp↑↓ . The momentum dependence in both PA and DΓA (upper left plot in Figs. 10 and 11 ) is peaked at (k − k ) = (π, 2 3 π) and the three other symmetry related points, which shows again a clear relation between Γ pp↑↓ (k − k ) and the magnetic susceptibility χ m (q, ω = 0). In PA the value at (k − k ) = (π, π) is almost as large as at (k − k ) = (π, 2 3 π) and the structure of the pp vertex in real space (lower left plot in Fig. 10 ) resembles the typical one for d x 2 −y 2 -wave pairing symmetry, i.e., nearestneighbor attraction and second-nearest-neighbor repulsion. Qualitatively the same nearest-neighbor attraction and second-nearest-neighbor repulsion is found for the clear-cut d-wave case n = 0.85 in Fig. 8 (all lower panels). Quantitatively, this second-nearest-neighbor repulsion is however very weak. That is, although the dominant eigenvalue for n = 0.72 in PA corresponds to d x 2 −y 2 -wave symmetry (cf. Fig. 3 ), the influence of the second largest eigenvalue (s-wave) is already visible.
In DΓA for the same n = 0.72, on the other hand, the pp vertex is not any more large at (k − k ) = (π, π) and the real space structure shown in lower left plot of Fig. 11 differs from the one in PA: The nearest-neighbor attraction is now much weaker and there is an attraction instead of repulsion for the second-nearest neighbors (the vertex is slightly negative also for the third and fourth layer of neighbors). The influence of the s-wave contribution is clearly visible. It is also reflected in the s-wave eigenvalue being bigger than d x 2 −y 2 -wave (cf. Fig. 3) .
Next, let us look at the singlet vs. triplet contributions shown in middle and right column of Figs. 10 and 11. For both PA and DΓA, the nearest-neighbor attraction is present in the singlet channel, although much weaker in DΓA, whereas all further neighbor attraction is entirely in the triplet channel. The negative value of the singlet vertex for the furthest possible neighbors on the diagonal (both in PA and DΓA) could either be a higher order s-wave contribution, which would be consistent with the incommensurate magnetic ordering vector, or a finite size effect which we cannot eliminate at the moment. This slight furthest neighbor attraction in the singlet channel is also present in the 8 × 8 cluster calculations for large dopings (not shown here).
V. CONCLUSION
We have studied the leading instabilities of the two dimensional Hubbard model using the PA and parquet DΓA. In contrast to previous diagrammatic extensions of DMFT, 46, [51] [52] [53] we employ the parquet equations instead of using ladder diagrams for generating non-local correlations. Hence our approach is not biased against a certain channel. All magnetic, superconducting, charge density wave etc. fluctuations are treated on an equal footing. This is particularly important since several instabilities are at close quarters and mutually influence each other: commensurate and incommensurate antiferromagnetism, singlet d-wave and triplet s-wave superconductivity.
Close to half-filling, we find predominant commensurate antiferromagnetic fluctuations at wave vector q = (π, π), and the leading superconducting instability is dwave. At finite but small dopings, e.g., at 15% doping or n = 0.85 electrons per site, the d-wave eigenvalue increases much faster upon lowering temperature than the antiferromagnetic one which even decreases at the lowest temperature accessible [ Fig. 4 (top) ]. Hence we expect that for this doping d-wave superconductivity eventually prevails. From the structure of the eigenvalue (see below) and also from the fact that commensurate antiferromagnetic and d-wave superconducting fluctuations show the same trends, e.g., they fall off concomitantly if we move toward higher doping [ Fig. 3] , we conclude that d-wave superconductivity is induced by commensurate antiferromagnetic spin fluctuations. Let us also emphasize in this context that in the temperature and doping range studied we do not find charge density wave fluctuations with magnitude comparable to the magnetic ones.
At larger doping, we change from commensurate to incommensurate antiferromagnetic spin fluctuations with e.g. q = (π, 2π/3), and from singlet d-wave to triplet s-wave superconductivity. Both eigenvalues, incommen- surate antiferromagnetic and s-wave superconducting, show a very similar doping dependence [ Fig. 3] , including a small dome, and appear to be intimately connected.
If we connect points of the Fermi surface by the commensurate antiferromagnetic wave vector q = (π, π), it becomes clear that commensurate antiferromagnetic and d-wave fluctuations match perfectly. The latter has a sign change for those points of the Fermi surface connected by q = (π, π), see Fig. 7 . For incommensurate antiferromagnetism, there are now however four equivalent incommensurate wave vectors within the Brillouin zone [q = (π, 2π/3), q = (2π/3, π), q = (π, −2π/3), q = (−2π/3, π), see Fig. 9 ]. A similar line of reasoning as for the commensurate wave vector would hence require many changes of sign on the Fermi surface. Such a complicated superconducting order parameter is conceivable, and a possible solution in our PA or parquet DΓA calculation. Indeed we find it to be the second largest superconducting eigenvalue at large doping; the largest one is however a triplet s-wave eigenvalue [shown in Fig. 9 ]. Obviously many sign changes of the superconducting order parameter are disfavorable.
Our detailed analysis in real and k-space does not only help us to unambiguously identify the superconducting eigenvalues, but it also reveals the evolution from d-to swave. In real space, the superconducting pairing glue Γ pp always has a strong local repulsion, reflecting the repulsive U of the Hubbard model. For small dopings the antiferromagnetic spin-fluctuations provide however a substantial nearest-neighbor attraction along with secondnearest-neighbor repulsion [ Fig. 8 (left) ]. This eventually leads to a strong nearest-neighbor component of the dwave eigenvalue with the typical sign change in real space [ Fig. 7 (right) ]. For larger dopings this nearest-neighbor attraction gets weaker and the second-nearest-neighbor repulsion eventually becomes attractive [ Fig. 11 (bottom  left)] . Here, the s-wave eigenvalue becomes favorable in DΓA, which has again a strong nearest-neighbor component but now without sign changes [ Fig. 9 (lower and middle right)].
To sum up, for smaller doping levels commensurate antiferromagnetic fluctuations are the pairing glue for dwave superconductivity. For larger doping levels, on the other hand, incommensurate antiferromagnetic fluctuations with a very different wave vector prevail and are the pairing glue for triplet s-wave superconductivity. The dominant eigenvalues in the magnetic (λm, triangles) and particle-particle (λpp, circles) channels as a function of number of frequencies N f used for the calculation. The momentum cluster size is 6 × 6 and the parameters are U = 5t, n = 0.85, βt = 15. The parquet equations solver scales with the power of 3.4 in the number of frequencies and momenta used (stemming from one prefactor [power 1] in the number of frequencies/momenta and from a matrix-matrix multiplication [power 2.4]; using the point group symmetry reduces only the prefactor of this scaling). The victory code actual efficiency is however memory bound (see Ref. 69) . For the 8 × 8 momentum cluster most of the calculations were done for 64 frequencies (32 positive and 32 negative) and it was not possible to use more frequencies. At the lowest temperatures presented for the 8 × 8 cluster (βt = 10 for U = 5t shown in Fig. 4 , as well as βt = 15 for U = 5t and βt = 20 for U = 4t in Figs. 9 and 7) we were not able to obtain convergent results for a smaller number of frequencies. Therefore, 8 × 8 cluster results at these temperatures are not converged with respect to the number of frequencies. Convergence analysis was done for the 6 × 6 case, however. The frequency-boxsize dependence of the eiganvalues for βt = 15, U = 5t is shown in Fig 12. Since the values do not change significantly between the box of 128 frequencies and the largest box taken (160 frequencies), most of the results presented in this paper were obtained using 128 frequencies. For higher temperatures, the results do not change already for 64 frequencies. Based on the results for the 6 × 6 cluster, we can expect some quantitative differences in the eigenvalues for the 8 × 8 cluster if we take a larger frequency box. However, we do not expect a qualitative change of the overall behavior.
